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Abstract
In [Z. Füredi, Turán type problems, in: Surveys in Combinatorics, Guildford, 1991, in: London Math.
Soc. Lecture Note Ser., vol. 166, Cambridge Univ. Press, Cambridge, 1991, pp. 253–300, MR1161467
(93d:05072)], Füredi raised a conjecture about the maximum size of L-intersecting families. In this note,
we address a variant of this conjecture. In particular, we show that for any Steiner triple system S on [k],
there exist a family F of k-sets on [n] with |F | = Ω(n2+) and such that for every F0 ∈ F the family
{F ∩ F0 | F ∈F , F = F0} is isomorphic to S.
© 2005 Elsevier Inc. All rights reserved.
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As usual, we write [n] for the set {1,2, . . . , n}, (V
k
)
for the set of subsets of V with k elements,
and Δt(S) for the t th shadow of S, i.e., Δt(S) = {T ∈
(
S
t
) | T ⊂ S}. If S is a family of sets,
we also write ΔtS = {Δt(S) | S ∈ S}. A family F of subsets of V together with a partition
V = V1 ∪ · · · ∪Vk , Vi ∩Vj = ∅ for i = j , is said to be k-partite if |F ∩Vi | 1 for all F ∈F and
i = 1, . . . , k. We write V (F) for the ground set V of F and Vi(F) for the ith partite set Vi . We
denote by π(F) the projection of F ∈F on [k]: π(F) = {i ∈ [k] | F ∩ Vi = ∅}.
Throughout the paper k will denote a fixed positive integer and n will tend to infinity. Let
L ⊂ {0,1, . . . , k−1}. A family F ⊂ (V
k
)
is an L-system if |F ∩F ′| ∈ L for all distinct F,F ′ ∈F .
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by
ISF (F ) = {π(F ∩ Fα) | Fα ∈F , Fα = F }.
From now on, we shall work with families all of whose members are k-sets. Set
m(n, k,L) = max{|F | |F is an L-system with ∣∣V (F)∣∣= n}.
Determining m(n, k,L) is a very rich subfield of extremal set theory. It is illustrated among
others by the result of Frankl [4], which shows that for every rational number s > 1 there exist
k and L such that m(n, k,L) = Θ(ns). In the study of the growth of m(n, k,L), the following
result by Füredi is of key importance.
Theorem 1. [7] There is c > 0 such that every F ⊂ (V
k
)
contains a k-partite F∗ ⊂F satisfying
(1) |F∗| > c|F |.
(2) ISF∗(F1) = ISF∗(F2) for all F1,F2 ∈F∗. We write IS(F∗) for this common family of [k].
(3) IS(F∗) is intersection closed, i.e., I1, I2 ∈ IS(F∗) implies I1 ∩ I2 ∈ IS(F∗).
As a consequence, we can focus on intersection closed families I; for such a family, define
its rank by
rkI = min
{
t
∣∣∣ΔtI =
([k]
t
)}
.
Finally set
rkL = max{rkI | I is an intersection closed L-system on [k]}.
Theorem 2. [9] m(n, k,L) = O(nrkL).
Proof. Let F with |V (F)| = n be such that |F | = m(n, k,L). Then rk(ISF∗)  rkL, hence
there is S ∈ ( [k]
rkL
)
with S /∈ ΔrkL(ISF∗). Since every (rkL)-tuple in ∏i∈S Vi(F∗) is contained
in at most one element of F∗,
|F | 1
c
|F∗| 1
c
∏
i∈S
∣∣Vi(F∗)∣∣ 1
c
nrkL. 
On the other hand, there is
Conjecture 3. [9] For every L ⊂ {0,1, . . . , k − 1}, there is  > 0 such that
m(n, k,L) = Ω(nrkL−1+).
This conjecture is known to be true for rkL = 2 using a construction of Frankl (see [3,7]).
Systematic investigation of this type of problems started with [1]. Extensive information cur-
rently available for specific sets L [2,5] seems to support the conjecture in general. In this note,
we verify a stronger variant of the conjecture for a special class of families I .
Theorem 4. Let I be an intersection closed family on [k]. Suppose that there is an integer q < k
such that
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q−1
)⊂ I (and thus ([k]
i
)⊂ I for all 0 i  q − 1).
(2) There are integers α > 0 and αI  0, I ∈ I , such that ∑I∈I, I⊃P αI = α for all P ∈ ([k]q ).
Then there is  > 0 and a sequence Fn of k-partite families with |Vi(Fn)| = n, i = 1,2, . . . , k,
such that |Fn| = Ω(nq+) and ISFn(F ) ⊂ I for all F ∈Fn.
For instance, (q,p, k)-Steiner systems (subfamilies S of ([k]
p
)
such that each element of
([k]
q
)
is contained in exactly one element of S) satisfy the assumptions of the theorem with α = αI = 1
for all I . In this case L = {0,1, . . . , q − 1,p} and rkL = q + 1.
To prove the theorem, we need some lemmas.
Lemma 5. Let I be an intersection closed family on k. Let F and G be two k-partite families
such that ISF (F ) ⊂ I and ISG(G) ⊂ I for all F ∈ F and G ∈ G. Then the k-partite family
F × G with Vi(F × G) = Vi(F)× Vi(G) given by{
(f1, g1), . . . , (fk, gk)
} ∈F × G ⇔ (f1, . . . , fk) ∈F and (g1, . . . , gk) ∈ G
also satisfies ISF×G ⊂ I for all H ∈F × G.
Proof. Let H = {(f1, g1), . . . , (fk, gk)} and H ′ = {(f ′1, g′1), . . . , (f ′k, g′k)} be two distinct ele-
ments of F × G. Then F = (f1, . . . , fk) and F ′ = (f ′1, . . . , f ′k) are in F , G = (g1, . . . , gk) and
G′ = (g′1, . . . , g′k) are in G, and
π(H ∩H ′) = π(F ∩ F ′)∩ π(G∩G′) ∈ I
since I is intersection closed. 
Lemma 6. Let I be an intersection closed family on [k] satisfying condition (2) of Theorem 4.
Then there is a k-partite family S such that
(1) ISS(S) ⊂ I for all S ∈ S .
(2) The cardinality t of the set {Q | π(Q) = P , Q ∈ ΔqS} does not depend on the choice of
P ∈ ([k]
q
)
.
(3) t < |S|.
Proof. Let I1, . . . , Ir be the elements of I . The elements of S are
S0 =
{
(0,0, i) | i ∈ [k]}
and, for e = 1, . . . , r , and for m = 1, . . . , αIe ,
Se,m =
{
(0,0, i) | i ∈ Ie
}∪ {(e,m, i) | i ∈ [k] − Ie}.
Here Vi(S) are the elements of the form (∗,∗, i). Then ISS(S) ⊂ I for any S ∈ S . And given
any P ∈ ([k]
q
)
,
t =
∑
1er
αIe −
∑
Ie⊃P
αIe + 1 =
∑
1er
αIe − α + 1 <
∑
1er
αIe + 1 = |S|. 
For the next lemma, we need the following strengthening of a result originally due to Frankl
and Rödl, in a version given by Pippenger (see [10] or [8]).
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p
)
satisfy:
(1) There is D such that∣∣{H ∈H | v ∈ H }∣∣= D
for all v ∈ V .
(2) For all {v,w} ∈ (V2),∣∣{H ∈H | {v,w} ⊂ H}∣∣= o(D), as D → ∞.
Then there exist pairwise disjoint H1, . . . ,Hm ∈ H with m ∼ |V |/p (as D → ∞ and hence
|V | → ∞).
Lemma 8. Let I be as in Theorem 4. Then there exists N > 0 and a k-partite family F with
|Vi(F)| = N such that |F | >Nq and ISF (F ) ⊂ I for all F ∈F .
Proof. Let Vi = [N ] × {i}, i = 1, . . . , k, and V =⋃1ik Vi . Let S and t be as in the previous
lemma, and let s = |V (S)|. We construct an auxiliary family H on
V (H) =
{
Q ∈
(
V
q
) ∣∣∣ |Q∩ Vi | 1 for all i = 1, . . . , k
}
,
where the members H ∈ H are defined as follows: for each injection h :V (S) → V with
h(Vi(S)) ⊂ Vi , i = 1, . . . , k, set
H = {h(R) | R ∈ ΔqS}. (∗)
By (2) of Lemma 6, |H | = |ΔqS| = t
(
k
q
)
for each H ∈H. Moreover, since s = |V (S)|, |H| =
Θ(Ns).
We now show thatHmeets the conditions of the previous theorem. For Q ∈ V (H), let d(Q) =
|{H ∈H | Q ∈ H }|. Fix P ∈ ([k]
q
)
. Since each H ∈H contains exactly t sets Q in π−1P we infer
that ∑
Q∈π−1P
d(Q) = |H|t.
By symmetry d(Q) = d(Q′) whenever π(Q) = π(Q′). Thus
d(Q) = |H|t
Nq
which is independent of Q. Finally D = d(Q) = Θ(Ns−q) while∣∣{H ∈H | {Q,Q′} ⊂ H}∣∣= O(Ns−q−1)= o(D)
for all distinct Q,Q′ ∈ V (H). Therefore there are pairwise disjoint H1, . . . ,Hm ∈H with m ∼
|V (H)|/t(k
q
)= Nq/t .
Define F as follows: choose injections h1, . . . , hm :V (S) → V giving rise to H1, . . . ,Hm
respectively as in (∗). Set
F = {hi(S) | i = 1, . . . ,m, S ∈ S}.
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since the Hi are disjoint, and we have
( [k]
q−1
) ∈ I , hence ([k]
e
) ∈ I for all e  q − 1. If i = j ,
π(hi(S)∩ hi(S′)) = π(S ∩ S′) ∈ I . Also,
|F | = m|S| ∼ N
q |S|
t
> Nq
for N sufficiently large. 
Now we can finish the proof of Theorem 4. Define
F ′i =F × · · · ×F︸ ︷︷ ︸
i times
.
Then F ′i is k-partite on kNi elements with |F ′i |  (Nq + 1)i . Let  > 0 be such that Nq+ <
Nq + 1. Then
|F ′i |
(
Nq + 1)i > N(q+)i .
Given the constants N and  above, for any n we define i by Ni  n < Ni+1 and let Fn be
the family with Vj (Fn) = [n] and with the same elements of F ′i . Then |Fn| = |F ′i |N(q+)i 
(n/N)q+ = Ω(nq+). Furthermore, ISFn(F ) ⊂ I for all F ∈Fn by Lemma 5.
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